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ABSTRACT 

The aaln body of this book is devoted to a collection 

of fomulae relating the hypergeonetric functions to better 

knovn function.0. There is an Introductory exposition of the 

theoretical results on hypergeoaetrie functions. Proofs are 

emitted but reference» are supplied for those interested in 

the proofß. 
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i.   TBE arraKBONRnac rowcTiai 

The purpose of this Introduction Is to give a brief wary of the theoretical 
aspects of the hypergeoaetrlc function.    A aore coaplete discussion say be found 

The hypergeoaetrlc series: 

n 

Is absolutely convergent when | z | <1 providing c Is not zero or a negative'inte- 
ger.    When   jz| « 1 the series is absolutely convergent providing Re  (a + b - c)<0. 
The hypergeoaetrlc series thus defines a function 7 (a, b; c;  z) which is analytic 
inside the unit circle.    If a cut is asde fro« +1 to + GO , F (a, b;  c;   z) is ana- 
lytic throughout the cut plane. 

At the outset, one notes the almost trivial Identities 

(2)    F  (a, b;  c;  z)   = F  (b,  a;  c;  z) 

^3)    57 *  (*> b;  c;   z)  - ^ F  (a+1, b+l;   c+l;   z) 

Tern by term differentiation of (1) shows that F (a, b;  c;  z) satisfies the 
differential equation: 

.2 
(M    z  (1-z)   ^ + 

dz^        L_ 
c  -   (a+b+1) z  a b u  =0 dz 

and from (1) end (3) F (a, b; c; z) could have been defined as that solution of 
(U) which satisfies the initial conditions: 

u (0) = 1 

(5) 

u'(0) -f 

I Rienann observed that the hypergeometrie equation (k) Is completely described 
by Its singularities.    That is to say (k) has three regular singularities, one st 
z  = 0,  one at z  * 1,  and one at z   - oo, with exponents 0 and 1  - c,  0 and c   -   (a+b), 
and a and b respectively.    Thus 



/ 
'     0 OD 1 \ 

\ 
(6) a « P     I     0 a 0 z 

\ 
1-c b c-(Qtb) 

Indicates that u satlsfleB the hypergeometric equatloa.     In  (6) the singulari- 
ties of (4) are written in the first row and the exponents of the singularities 
are written beneath the appropriate singularity. 

More generally the fact that u satisfies a second order linear differential 
equation with three regular singularities at a, b and c with exponents* a, a'; 0; 3'; 
and   1 ,   7* respectively  is  Indicated by writing: 

/ 
/a b c 

(7) u = P a ß 7 

a'              ß' T 

The differential equation (called the P-equation of Riemann and Papperitz) is; 

,H,     d2u     A-a-a'      l-ß-ß'      1-7-T \    du 
'       .2      \    z-a. z-b z-c       /     dz dz K / 

| a a'   (a.b)  (a-c)  + ß ß1   (b-c)  (b-a) +   ][ 7'  (c-a)   (c-b)1 
i z-a z-b z-c L 

 u  
(z-a)   fz-b)   Tz-cT 

wnere  the exponents must  satisfy 

(9)     a + a'  ♦ ß ♦ ß'  W* 7'  = 1 

It is assumed here that none of the exponent differences are integral. 
In this exceptional case, the complete solution may involve logarithmic 
term« and is discussed in     llOj 



3- 

By direct trangforaatlon of (6) It nay be verified that 

and 

a     b     c 
P ( a+k  ß-k-h  r+h 

.a'^k  p'-k-h  y^h 

(11) P 
a b c 
a ß I 
a' ß' V 

1 
ß 
ß' 

7 
r 

(where a., b-, c., and z,, are 
Br«>hlc tranlforBatlon 

derived fron a, b, c, and z by the same homo 

z,   3 az-fb 
1        CZ-Kl 

ad - be ^ 0). 

(12)    P 
0 oo 1 
0       ß-ta+        0     x 

a'-a     ß'-Kj*    y-f 

where mm 
Hence the eolutloo of Rlemann's P-equatlon can always be vrltten In teme of the 
solution of a hypergeometrlc equation. 

Fro« equation (6) a end a'  or 7 and 7'  or both may be Interchanged so that 
(12) yields four solutions In terms of the hypergeometrlc series. Equation (6) 
Is also Invariant under any permutation of the triplets (a, a, a' ),  (b, ß, ß') 
and (c,T, 7') so that a total of 24 solutions may be obtained from (12).    These 
Zk solutions are listed In VLffH and fUrnlah 2U solutions of the hypergeometrlc 
equation. 

from the general theory of linear differential equations, any three of 
these solutions which have a comDon domain of existence must be linearly dependent 
In that domain.    For a listing of the relations connecting the 24 solutions «ee[^3 J 



1(1) 

(13) P (a, b; e; a) • '['tal ft\~ 2iil J 
-1 ao 

vbere I ~ (-a) I< • aDil the path or SDtep-at1c. 1a 8Qch tllat tbe polH ot 
fla+e) [l'b+e) lie c. tM lett of tbe path ...,. tbe pol.ea of r< -·) u. to * 
rsatat of 1t (1t 1a u~ tbat De1tber ! aor ~ 1a a ••t1w SD~). 

'!be --.17t1e ec.t111uat1cm or tbe bJperpaatr1e •r1ea c• -~ 
trca (13) -.t 1a fOUD4 to be: 

(llol Dtfib> r <a b· e· a> • Dalrca-b) <a>-a r <a 1-c .. • 1--..a,· ! > 
C I I I r a-c ) I I • 

vbere J ara (-a >I < • aad I z . j >1. 
Wbm Re (e) >Re (b) >o1 a .ore ecmftll1•t real 11ltep"al npre-tat1oD 

tor tbe b1JMtraec-tr1e aer1ee 1e: 

• 
"fl(c) l b-l ( )e-b-1 ( )-a (15) P (a, b; c; z) = Tl(b)Tl(e-b) ~ u l-u 1-u a du • 

""C 1 _ ( 1 b j Cj z) ODe of ~tere 
~, 1 or c + l reepect1ftl.7 1 ooe obtaiDe a 

to .-c t iSUou to F( 1 b; c; z) . It CaD be abovD 
e a !l1Jlerceo.etr1c t\mct1c:m ad 

Thu , titteen re1at1cma vb1eh wre 

... 

Be auM ot tbe1r uMtulDeaa 1D re4w:1DI 

( : . ..:. 

t imp .r ~tiooe, tbeee !'elat1cme are 11etect below. 
·, , d F( + l) tor .F(a 1 b; c; z) 1 r(a + 1, b; c; &) 1 

(-, -: : r:.! _; z} r•epect1ve:y 1 theM relat~a are: 

- 2 - ( ) _I F + a.(~ z) (a + l) • (e • a) P (a - 1) • 0 

C .. ::) (·., - ) F + F ( + 1 ) -

18) ~ ~ - a - b) F t ~l - ) 

( + 1) = 0 

+ 1, - ( - b) F (b • 1) • 0 
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r 
(19)    c   [ifc_- (c - b)7]  F - ac (1 - i) F (a * 1) + (c - •)  (c - b) z F (c  > 1)  - 0 

(20)    (c - a - 1) F + &F (a + 1)  - (c  - 1) F (c - 1) - 0 

(21)    (c - a - b) F - (c - a) F (a - 1)  > b(l - z) F (b + 1) - 0 

(22)    (b - a)  (1 - z) F - (c - a) F (a - 1) +  (c  - b) F (b - 1) » 0 

(23)    c  (1  - z) F - c F  (a - 1)  +   (c   - I 0 

(24)        a - 1 -  (c  - b - 1,N 7^    F +  (c  - a) F (a  - _,   -   [c   - i)  (1  - Z) F (c  - 1)  » 0 

(25)        c - 2b +  (b-a) z     F + b (1 - z) F (b + 1) - (c  - b) F (b - 1) - 0 

(26)    c b  -  (c-a) z      F - b c  (1  - z) F (b + 1) +  (c  - a)(c  - b) z F (c + 1)  = 0 

(27)    (c  - b - 1) F + b F (b + 1)   -  (c - 1) F (c - 1)  = 0 

(28)    c  (1  - z) F - c f (b - 1)  *  (c  - a) z F (c + 1)  - 0 

(29)   [b~- 1  -  (c-a-1) z^   F .  (c   - b) F  (b - 1)  -  (c  - l)(l - z) F (c  - 1)  = 0 

(30)    c    c  - 1  -  (2c-a-b-l) z      F +  (c   - a)(c  - b)  z  F  (r       1 ) ' ^ (1 •;: )r(c-J )  0 



6. 
II.    THE CONFLUEHT HYPEÄJECMETRIC FUIfCTIOH 

If in a differential equation two of the ilngularltles tend to colncid«nc«# a 
differential equation results which is known aa a confluent fon of the original. 

In particular, If In the equation satisfied by F (a, b;  c; ^ ) the llalt Is taken 
as b approaches oo^ the confluent hypergecaetrlc equation results, 

(31)    »*!-"-(. -c)^-.tt.O 
d * 

one solution of (31) is the confluent hypergecaetrlc series 

oo 
n     Pfa+n) n z (32)    i ^ (.; C .) - l^}      ^   pd^'al 

a-0 

Equation (31) has a regular singularity at zero and an irregular singularity at OK 

Since F (a, b;  c;  z) in synmetric  in a and b, equation (13) becoaes, by confluence 
when Re (c)>Fe (a) > 0: 

i 

kc-a-l du 
'■' 0 

(34) \\) (a; c; z) » ^TT J  «"^ ^ ^f*'1 ** 
0 

(33) 1 F1 (a; c; z) =  ,   , (a) ,V, (c.a) ^  e  u   (l-u) 

Another solution to (31) Is given by 

1 

where Re (a) >•() and Re (z) .>0. 

Many authors prefer to treat the Whittaker fuaftlons M,. m (z), and W^      (z) which 
are related to the conflueut hypergeooetrl.;  fun '.ion    .v  ♦•.he formulae' 

1 
i     n-i— 

F^ a  (?) = e"z/2 z    2   ,  F1   (| - K * m;   2in +  1;   z) 

(35) 1 

Wk,. (z)  a e'Z/2 Z    2   (| - k * n;  2. + 1;   z) 

The Whittaker functions satisfy the differential equation 

^^ d2 w r 1 k LULI 
d  z l_ 2        _J 

and eure discussed in    |_23j   and  |   2Uj    . 



Aa prrrtcualy noted, azq eecaad order linear ditrerenti&l. equation vitr. 
three resuJ.ar s1Dcul&rit1ea can be reduced to the ~rsec:-etric equation by 

1· 

( 12). 'Dlia equat1CD 1n turn ~ theu be eol ved 1n teras ot the hypersec:-etric 
t\mctiCD. Beftral ~ are open tor reducins the byperseo-tric IIDd cCilf'luent 
~t.r1c 1\mctiona to better movn ( 1n the sense at leut that better 
taNJ.atiaDa exUt) t\mctiCDs. For elCUIIPl" 1 one aicht sillply exaaine the eyper
aec-tric •ries tor epeci&l. ~r values . Thue, r (a; c; 7. ) and 
r (a, b; c; z) reduce to polyncaials vheuever a is a ~-tive integer. Ap.J.n, 
it ~be possible to evaluate tbe 1ntesral.a (l3), (15) 1 (18), or (19) vhic:h 
repreHDt the b,yperp~tric t\mct1on; or it ay be possible to t1D4 tbe cc.p~ete 
eolut1on ot the byperaec-etric equation 1n te:nu ot better known functions. 

With these aDd other techni ques, and vith a perueal. ot the literature 1 

the tolloving tables have been collected 1n the hope ot -.kina the task ot the 
eDSiDeer IDi physicist ~at euier. 

Tbe organization or the results is , as tar as possible, lexicographic 
vith reapect to p&ra~~eter values . Since F (a, b; c; z) 1a s~tric vith 
respect to a aDd b the amaller para.eter has been chosen to be tirot. A briet 
gl.mee at the section headiDsa should autrice to acquaint the user vith the 
other points ot organization . 
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DD'Dl'rDS 

JT (z) • 
1 

2 • i 

J 1 ( z) cos '1. - J- 7 ( z) 
Y'Y (z) • sinr• 

2. Modified Beaee1 FUnctions 

r1 (z) - [1'J 
1 (i z ) 

K1 (z) ... ~ • {r-r (z) - 11 (z)} cot 1 • 

3· Cosine and Sine Integrals 

00 

Ci (z) =- / COS X 
dx 

X 
z 

z 

Si (z) • 

' 
sin x 

dx 
X 

. Cont'1uent Hypergeometric FUnctions 

00 

1 1'1 (a ; c; z ) =!*+ ~~<-> D z 
n c..a) n! 

,t. ( ) 1 l -zu a-1 ( )c-a-1 't' a; c; z = !"'<a) e u l.u du 

Re (a )> 0 1 Re (z ) >0 
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5- Elliptic  Ihtegrale 

«/2 

«/2 

[l-K2 •in2 e)1''2 d 6 

"" • { ' :i - k 
2 .m2 e)-1^ , 

6. Error Functions 
v X 

Erf (x) » /     e 
2 -u 

!               ( iu 

u 

CO 

Erfc  (x) .   / 

X 

2 -u e du 

7- Exponential Integral 

-EI (-x) =y^ 
-u e 
u du 

8. Fresnel  Integrals 

C  (x)   = -^— 
2« 

X 

coe u           du 
u 

^    (v\                ^ f sin u —-——         du 
\ u ^2« 

^ 

9- Gamaa Function 

00 

Hx)   -/    e^u31"1 du 

10.     Incomplete Gamna Functions 

oo 
-II        M-1 

du 

x 

y (a^x)   =   Ha)  -   n»^) 
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II.    Gregmbauer Polynoaials 

n 

cj   (. )-2 
(-1)^(^1) 

1-0 
iTpTiT 

Xn^T^l)  (| - | t)1 

'(Zl^r) (n-l)I 

12.    Hankel functioas 

(1) H7
VJ-/  (z)  » J7   U)  *  1 YT (») 

(2) 
H?        (z)  - Jr (z)  -  1 Yr (z) 

13.    Hypergeometrlc Function 

F (a, b;  c;  z) 
v^n 

P(a)ptb)       ^j niplc«) 

Ik.    Legendre Functions 

^  (z) = pTI^T   (1^ 

at 
2 

F (-?, r+1;  1-m; ~ ) 

Re  (»Xf;    |z!<l 

P,  U)  = Pr    (z) 

^7 (z) = nirinr 

Q7 (z) = ^j (z) 

^ <'>-•«--Rl^H 

15.     Logarithmic Integral 

Li  (x)   = 

x 
n dt 

(J io8 t Ei do« x) 

16. ^(z)  =      Lia 
n- I  1=0 —' 



11. 

17. aitt.ker P\mctiooa 

-~ • (x ) • e-x/ 2 x 2 --.,. 1 
f - -k~· 2a+l; x ) ·z ' 

1 

I •+=-
\l (x } • e-x 2 x 2 'P (~ -k~; 2m+l; x ) --Jt,a c. 



l. ltJa:R ICAL PARMII'l'.DS 

l 1 ~3 ~· x) • ( 1 +2 ~1-~ 1/3 1.1 F (- l) I 3 ; -.J 

1.2 F (~ • - ~; ~; x ) • 0 +2 'Jk") 1/2 

1.3 

1.4 

1. 5 

1.6 

·7 

1.9 

1.10 

1.11 

1.12 

F (J 1 t i 
1 1 

F (2 , 2 ; 1 

1 1 
F ( - 2 , 2 ; 1 

F (~ ~ · 3 · x2 ) = ~ sin-1 x 2 I 2 1 2 I X 

1 1 
F (2 , 1 ; 1 ; x ) z --

1 
F (2 , 1 ; 2 ; 

F (~ 5 . 1 
t 4 I 4 ; 2 

2 1 
F (3 I 3 ; - . 3 I 

x ) 

x ) = 

x ) = 

1 
= -2x 

2 

l.n 1+X 
1-x 

1 + \11 -x 

1+X 

(1 -x )3/2 

1+x 

(1 -x )5/3 

12. 



1.13 F((j*,|'   I' 
 ccah x | ^ 

ex/2 tanh x (2 coah x)1/2 

1.1U P (1  , 1 ;  | ;   sin2 x)  »    -; ^  
2  ' ein x COB x 

1.15 F (1 , 1 ;  2 ;   -x) - iln (l+x) 

1.16 F (1, | ; | ; x)  - Ux 

(1-x)2 

1.17 Ml, |;2;x) =- 2—^ 
l-x ♦  (1-x)  ' 

1.18 

1.19 

F(l  ,|;  2  Op^--^ 
_C06h   X 

F (1 , I ;  3 ; x) 

2 e    cosh x tanh x 

—i 2 

1   + M- 

1.20 lia        F(l  ,  ß  ;  1  i |)     = eX 

ß voo p 

1.21 P (^ , 3 ; 5 ; x) 
II^)175 

—12/3 

1   •   (l-x)1/2 

1.22 F   fU        11    •    5    •    .r^ (3 ' T '   3 ' ^ 

rrrTr 
i> ^l1^ 

l-x 

i    >    'vJl-X 

73 

13- 
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1.23 F (| , I ; I ; sin2 x) 

6 
sin x 

|1 - x cot x[ 
[_ .in 2 x J 

1.24 
(1-x)3 

1.25 F (| ,  2  ;  2 ;  x)  = r^?^ (1-x) 

1.26 P  (^       2       ^ •   -x2) 

,1 
2 

(1-fx  ) tan"   x - x 

_    x3  (l+x2) J 

1.27 

1.28 

1.29 

1.30 

7   (3-       2       - •   x2} 

3 2 1     .     Ux  I 

1 -X X j 

F  (|  ,  2  ;   3 ;  x) 

F  (|  ,   2   ;   U  ;  x) 

F  (^      I ■   k--  x) F  4  '   3  '   3 '     ; 

3 

-e x •♦• U 

1.31 F (2,  2  ;  1  ;  x)  = 1+x 

(1-x) 

1.32 F  (2   ,   2   ;   I ;   sin2 x) 

sin    2 x - 2 x cos 2 x 
8lllJ   2   X 



1-33 F (2  , 2 ;   3 ;  -x) 

X 

1-3^ F (2 , | ; |; x) 
(1-x) 

1-35 F (2  , | ;  3 ; x) 

k 
3 

2    ^T    > 1 

_\[Tr7 d-x * ^r^): 

1-36 F  (2   ,  | ;   4  ;  x) 
8 

\l-x   (i+\|T^)- 

1.37 F (2  ,  3 ; 1 ; x)  =     LJLll 
(l-x)U 

1-36 F (I ,  3 , | ; x) Ux 

(1-x)" 

1-39 F (| ,  3 ;  3 ; x) 
(l-x) 5/2 

1.^ F  (3   ,   ^   ;   2   ;   x)   = i*x 

(l-x): 

1.41 

1.42 

Llm      F   (a,  b  ;   | ;   -  J—    =     Cos x 
a,D ►oo 

V
L1JE

V„
F  (a' b  '   I '     4  )   = Coßh x 

a,D ><x) 

1.43 Lün      F  (a, b  ,   | , 
a,b—>-OD 

I^b   )   ^ x 6in X 

1.4^ LUn      F   (a  ,  b   ;   i ; 
a,D       »CD 

2   '   £Ib - slnh x x 

15. 
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2.    FIRST ARD THIRD PARAMETERS RIMBRICAL 

2.1 
b >-0 

Ll.     F (b,  -n ;  2b  ;   -x)  -   l *-=&*£ 

2.2 F  (1  , 1-n ;  2 ;   -x) ^ d«)" • i 



3-    FIRST PARAMTra» RIMERICAL 

17. 

3.1 
_   ,1 1 2.       2 T {^ ,  -n ,  ~ -n ;  x  )  - - 

2n TW 
JXST ̂  n       v2x 

3-2 .  /I i 3        2v 

 71(2n^2) 

2        [__]_   ^n4lL      x 

1«^ 
\ 2x 

3-3 F (-1  , ß ; ß ;  -x)  - 1  4 x 

3A F  (1   ,   -m ;  a-m-»-!  ;   - -) 
^T       1 1      /«N 1 

X 

[mj        i-C 

3-5 F  (1   ,  m+l-a  ;  a+2  ;   -x) 

]   (a>l) x 

00 

/a\      n 
1    (n)   x 

n-oKl 

3-6 F  (-2   , P ; 0  ;   -x)   =   (1   * x)' 
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U.     THIRD PARAMETER IfUHERICAL 

k.l F (^ n ,  - 2 n ;  2  ;  sin   x) - co« n x 

U.2 P (- n , ^ n •► ^ ;  ^ ;   - t«n    x)  - co« n x cos    x 

. ,    1              1          1      1       Lv      (l^x)a ♦  (l-x)n 

^•3 p(-2n''2n",'2;2ix)'          2~^  

.i                      «  / 1          11           1          *    2    v         co« « x 4.U ? (-5- « , x - ? a ;  =• ;   - Un    x)  «  
2222 co«ft x 

U.5 F (« ,  a ♦ ^ ;  ^ ;  x)   » ^ (1 ♦ x '   ) ♦ ^ (1  - x '   ) 

« ,                  112,      (- i)n 2^ (D:)2    -     ,  v 
U.6 F  (- n  , n . 2  ;   2  ;  x  )  = i ^   fcjf     l      P^ (x) 

-   /I        1 il ^-^x COB   &  X 
u-7 F (2 ■2a' 2 ^ 2a; 2; 8in x) --^nr 

U.Ö F  ( ^ ,   - I ;   1   ;   1   - x2)  = P7     (x) 

^•9 F (1 >'/,  - 7;  1  ;  I - |x) - P7    (x) 

2 1 1 
'♦.10 F (- n ,  - n ;  1  ;  tan    g x^  '     HI—   Pn  ^C08 x^ 

cos    ?x 

U.ll F  (n ♦ 1   ,   - n  ;   1   ;   cos2 | x)   -  (- 1)n Pn  (cos x) 

,.0                    - /I      1           ,       J-           3        2.{1* x)n -   (1  - x)n 
U.12 F (^ - 2 n  ,  1   - 2 n  ;  f ;  x   )  = ^ ^-^ i- 

^•13 F(---n,l-xn;r;-tan    x)   = 2      2 "  ' 2 "  '  2  ' "        ' n-1 n sin x cos       x 
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1• 1 •. • (1 1 a ~ + ~ a 
1
, 1 . a in 2 x) • a in a x .. ' .. ~ 2 - 2 1 2 2 2 1 a a in X 

~.15 
1 1 1. 2 ain ax F (1 --a I 1 +-a· e14 x) • a sin x cos x 2 2 I 2 I 

n+1 1 1 l 3 . -tNl 2 x) Bin n X COB X 
F (- +- n 1 1 +zn 2 , • n dD X 2 2 

4.16 

4.17 1 3 2) (- 1t (n! ~ 2 22n p ( ) 
F (- n 1 2 + n i 2 j X • ( 2 n + 1 ! X 2n+1 X 



20. 

5. 10 .-ICAL PAitANI'rDS 

5·1 F (- D 1 ~ j ~ j -X) • (1 + x)
11 

1 (l - x)
1 2 /J 1-2a 

F (a - 2 1 a ; 2a ; x) • + •-;;.....,2....;;;;..~_...__ 

5·3 
1 l 0- (1-x)l/2] l-2& 

F (a 1 a + -
2 

; 2a ; x) • 2 + •-;.,.2;;;.,-'--
(1-x)1/2 

F ( . l l ) l+X 
a 1 4 + 2 a ; 2 a ; x • (l _ x)a+l 

5·5 (l 1 ) ll X + D - 2 
F 211 1 D- l 1 2 D- l i X • (n-2} (1 -x)D 

) .6 ) 
-ax~ )-a 

( 
1 l 1 __ 1~ __ 

2 
• e ~ coxeh ~ 

F l + 2 a 1 2 + 2 a ; l + a ; - ---- -
C coeh x 

5. 7 F ( 1' - ~ + 
1 

1 - o/ ; l - ~ ; l - x
2

) 

1 1 
F ( - 1 1 1+ l ; 1 - ~ ; 2 - 2 x ) 

~ (x) 

5·9 
l l F (-'l"+- 1.1 + l 2 II 2 
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5.io F (i - u ♦r» - u -r; i - M ; I - |x) 

5.11 F (| ♦ |n , 1 . |n ; | * n ^ ) 
x 

5.12 F^.ij.i.,!.^-!.;   ?.l;Jj) 
"      x 1 

where 

n2   {'(i >?* u) 

5.13 F (2 7> n ,   - n ;•/-> ~ ;   | - | x) 

H^H2^       C'^    (x) 

5-11* F {- |n , | - |n ;  1  -'I- n ;^) 2 "  '  2   ' 2 "  '   "   _J " "  '     2 x 

°üli  ) 
{2x)a'  '(    .n)      ' 

i 

2 

c:  (x) 

5.15 F (c 5  , r o g   ; 1 * ^ ; 2 '      2      '  ^   T  ^ '     2        2 x    ♦ r 

«^    (x) 

2"(«^r2)     2     LWiEZü^L^Ü   pM    (C08 e) 

x  * R cos Ö  , r = R sin 6 



where e      ^2 

5.17 LIä      F(B-n,m*n*l;m*l;j-    (-)    ) 
n *CD 

(  |  )B    ml    J      (x) 
x m 

22 

5-16 F  (2 * M  '  2 ; | ^; 2x 
) 

1 - e 

(u+^l)x ^11^J^1_  (1 •Zx^ *  2 

2^7^ "'(u+^l) »Inh^ x 
QM

y   (cosh x) 



6.     SPECIAL ARGUMOfT VALUES 

23- 

6.1 7 (3a ,   3« * I ;  2* * I ; |) « ^^ 

6.2 

3a      p(2a *|)   p{ | ) 

M-a,.a.i;2a.|;-^^       f^ff^ 

6.3 r (i     1  ■  }   ■  1  ) 1 
r  ^2  '  2   '   ■L  '   2   ;   " ^JJZ nt) 

e.k F (a ,  1 a ;  c  ;   - ) 

I'(|) \, i   i (|.|c   ) 

J   (  -a . -c   )       ( - . -c  -  -Q  ) 
2       2 

6.5 F (a  , b  ;  I (a*b*l)   ;  | ) 

i    (  2   M     ( 2  * 2a  * 2 b) 

(  2  >  2 a)}    (  2  ^b   ) 

6.6 (2a  ,  2b  ;  a  * b  *  1  ;   2   ) 

a-b   i +bfl)   < (a-^1) 
[]'M\ '(|- M 

6.7 

1   <"'.   'I*»' 

Re  (c)    -Re   (a+b) 

6.8 F  (a   ,  b  ;   1   ♦ a-b  ;   -1) 

■   '(1   * a - b) f   '(1  * i a) 

[   '(1  l a)T   '(1   . ia  - b) 



2U, 

6-9 
(•♦1)    F    (-a  ,  1  ;  b . 2  ;   -1)  >  (b ^ 1) F (-b  ,  1  ;  a . 2  ;   -1) 

a*b.l    I Wj I '(b.2} 2 rT^bTF) 

6.10 F (1   , a ;  a ♦ 1  ;   - 1) 

=  2ft ^{ ^U)   -4;(  ?*) 2      2 

6.11 F  (a + | ,   3* i  2ft ♦ ^ ;  e- ) 

♦ 1 * ft/2 
2 ä e - 

(2a . |) 

>  -1 !     (a.i)[    (a ^f) 2 
3^ <!' 
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7.6 

7-7 

7-     TOE COWTLUniT HYWROEOKETRIC FUNCTION 

7 1 v    f1   ■   1 .       Z\      Erf  (x) 
7.1 iFi (2 ' 2' "x ) ■ -ir^ 

7-2 1F1  (a ,  a ;  x)  - eX 

7.3 iTi  (a  ;   a.l   J   -x)  - ^   > (a,x) 

7.U 1F1   (| ^;   i   >  2^;   2  1 x) 

^O.  1) e^  (  |x   )-'r     J7     (x) 

7-5 iF1   (| .1;   I   *  2  ,;   2x)   =1   '( ^  1)  eX   (| x)"-   I       (x) 

Lün        1F1   (a  ;   n  ;   - |)   ^["'(n) J (2 x 1/2) 
a voo 

A «h I — l "'2) • ^ <M — "'"'2) 

^        C  (x) 
x ; 

7.8 F    (i ;   1 ;   .  x e1 «/^   .    F    (l .   3   .   .x e-l «72. 
iri   ^2   '   2   ' ;       lri   4   '   2   ' j 

■■1      ^ 3(x) 

2 

7-9 ^ (| ;  | '  x2)   = eX      Erfc x 

7.10 ij; (1   ;   1   ;   x)   =   -eX El   (-x) 
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7.11 ^  (l ; l ;  - log x) 
X 

7-12 (1 - a ; 1 - a ; x) - e  ]   '(a^) 

7.13 ^   (| *7:   1 * 2}-,  Zx)  - *  "1/2 eX  (2x)"/K^    (x) 

7.1^ li;   (| ♦ /;  1 4 2,>;   -2  1 x)  - i ir A/£- e 1    -1/2 ^-1  (x-. «)   ,^v-/n(l) 
(2x)   ' H^'     (x) 

7.15 ^1' (| >?; i ♦ 2?; 2 i x) 
.   1^1/2 el(x-?K)   (2x)-^(2)       (x) 

7-16 eiUn.x) v(l      ^  i  ^ 2?.   2  1 x)  * e1(x-?,,)^(| * 7;  1 * 27;   -2  1 x) 

.K'
1/2

  (2X)"
/

Y/    (X) 

7.17 | n   -  | 1 e'1 XV(1   ;   1   ;   1  x)   >  | 1 e^^d   ;   1   ;   -1 x)   - SI   (x) 

7.1Ö -| e"1 X\ (1  ;  1  ;   1 x)   - | e1 X^(l  ;  1   ;   -1 x)   = Cl   (x) 
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